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Abstract 

Starting out with an entropy identity, the entropy flux, the entropy production and 
the corresponding Gibbs and Gibbs-Duhem equations of general-covariant conti¬ 
nuum thermodynamics are established. Non-dissipative materials and equilibria 
are investigated. It is proved that equilibrium conditions only put on material 
properties cannot generate equilibria, rather additionally, the Killing property of 
the 4-temperature is a necessary condition for space-times in which equilibria are 
possible. 


1 Introduction 

The special-relativistic version of Continuum Thermodynamics (CT) was founded 
by Eckart [1] in form of the special-relativistic theory of irreversible processes. CT is 
based (i) on the conservation laws for the particle number and the energy-momentum 
tensor and (ii) on the dissipation inequality and the Gibbs fundamental law. In or¬ 
der to incorporate CT in (or, at least, to harmonize it with) General Relativity, 
as a first step, one has to formulate it on a curved space-time, i.e., to go over to 
its general-covariant formulation. This step brings problems along that one has to 
solve before taking Einstein’s gravitational field equations into consideration. This 
paper is devoted to some of these problems. In particular, it concerns questions as 
to the entropy production, the Gibbs equation and the definition of thermodynamic 
equilibrium. 

As to thermodynamic equilibrium, vanishing entropy production is a necessary con¬ 
dition to be satisfied. As is well-known mm, this can be reached by two different 
requirements: Either by assuming that the considered matter is a perfect fluid (then 
one need not impose any conditions on the properties of the underlying space-time 

* Corresponding author: muschik@physik.tu-berlin.de 

Iborzeszk@mailbox.tu-berlin.de 


1 



structure) or by requiring space-time structures that allow for a Killing and a con¬ 
form Killing vector field, respectively (then one need not restrict the structure of 
the material). 

To define thermodynamic equilibrium, in both cases, the condition of vanishing 
entropy production has to be supplemented by further equilibrium conditions. It 
should be mentioned that for the second case it was shown [3] that, if the tem¬ 
perature 4-vector is a Killing vector, shear and expansion of the material vanish, 
and furthermore, that by implying Einstein’s gravitational field equations, one can 
deduce most of the other supplementary conditions defining an equilibrium. In the 
present paper, the Killing equation and Einstein’s equations are not exploited. 

In the following, first we start out with an identity for the entropy 4-vector BM- 
This identity is split into the entropy production, the entropy flux and the Gibbs 
equation which is connected with the entropy density by a Gibbs-Duhem equation. 
As usual, the Gibbs equation allows the definition of a state space which is here one 
of local equilibrium because of the special choice of the entropy identity. 

Different forms of the entropy production are considered for discussing non-dissipa- 
tive materials and equilibria. Non-dissipative materials characterized by material- 
independent vanishing of entropy production are rediscovered as perfect fluids [2]. 
Eor defining equilibrium, beyond vanishing entropy production additionally “sup¬ 
plementary equilibrium conditions” are required [5] and are introduced ad hoc. A 
general result is that in equilibrium the Killing property of the 4-temperature is 
valid for all materials. 


2 Energy-momentum Tensor 

The energy-momentum tensor 0“^ is the governing field of GCCT0. Its (3-|-l)-split 
is 

0 ^' = + + + ( 1 ) 

+ = 0, = 4 =: -3p, (2) 

with its components 

e = Q’^Wui, (3) 

Here, the projector perpendicular to the 4-velocities and Ui is 

( 4 ) 

The meaning of the (3-|-l)-components is as follows: energy density e, energy 
flux density q\ stress tensor pressure p and viscosity tensor 

^GCCT: General-Covariant Continuum Thermodynamics 
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3 Entropy Identity 

3.1 The general case 

A continuum theory need beside the particle number balance which according 
to Eckart [ijl reads 

TV", = 0, = \nu\ n := inu’^);k = 0, (5) 

and the energy-momentum balance equation 

= 0 , ( 6 ) 


an entropy balance 

S^-k = a + (p, S’^ = ^su^ + s’^ (7) 

(particle flux density iV^, entropy 4-vector entropy production a, entropy 
supply if). The Second Law of Thermodynamics is taken into account by the 
demand that the entropy production has to be non-negative at each event for 
arbitrary materials 

a > 0. (8) 

For proceeding, we need the following 
■ Proposition [T[ [5]: There exists an entropy identity 

- Xq^ - . (9) 

This identity contains quantities which stem from the (3-|-l)-splits of the 
energy-momentum tensor ([T])i, of the entropy ([7]) 2 , of the particle number 
flux density ([S ])2 and from the (3-1-1 )-split of the spin tensor 

gkah ^ (}_sah ^^kah 

The scalar /i is defined by 

/i := -(5-Ae-A^S”^). ■ (11) 

n 

The two fields A and Ap in ([9]) can be chosen arbitrarily: ([9]) is an identity, 
that means, it is valid for arbitrary A and Ap. According to ([9]) and fllip . the 
part of Am which is parallel to Um does not contribute. The physical meaning 
of these two fields is determined by introducing below the general-relativistic 
Gibbs equation and the entropy flux which bring physics into the identity fl9l) . 

^We consider especially one-component systems. 
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3.2 Entropy identity of local equilibrium 

According to ([7])i, we obtain the snm of entropy snpply and production by 
calculating the divergence of ([9]). First of all the questions arises, how to dis¬ 
tinguish between entropy production and entropy supply? In non-relativistic 
theories and here in thermodynamics on curved spaced, this answer is easy 
to give: external forces and moments generates an entropy supply [S]. Ac¬ 
cording to (E]), here no external forces and moments are taken into account. 
Consequently, we have to cancel the entropy supply in ([7])i 

(p = 0. (12) 


Because the energy-momentum tensor 0^* is spin-dependent and the spin ap¬ 
pears explicitly in ([9]) by the terms which are multiplicated with A^, the spin 
occurs twice in the entropy 4-vector. This two-fold appearance of the spin 
can be specialized by the simplifying setting A^ = 0 in the entropy identity 
(P|). As we will see below, this setting generates a state space which belongs 
to local equilibrium. More general state spaces need a A^ which is different 
from zero. The entropy identity ([9]) becomes in this special case 

S’^ = s’^-Xq’^ + -(s-Xe)N'^ + XuiQ’^^. (13) 

n 


According to ([7j)i and (IT^ . the entropy identity (IT^ results in an other iden¬ 
tity by differentiation 


a 




Xe)N^ 


;fc 


+ 



(14) 


If the entropy flux density and the entropy density s are specihed in fll4|) . 
this identity receives a physical meaning, if additionally the arbitrary held A 
is suitably chosen. 

Using ([7]) 2 and ([6])i, ffTTj) results in 

a = +f-) N^--XkN^ + 

V / \n/,k \n/,k n ’ 

+ (^Xurr?) (15) 

Multiplying ([T]) by ui 

UiQ^^ = q>^ + -N\ (16) 

n 

and taking ([2]) into account, the hfth term of flThl) becomes 

(Au^) = A,, [q’^ + + Xum;k • (17) 

^without taking Einstein’s equations into account 
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Further, we have by use of (jl]) and ([5])4 




( 18 ) 


Finally, the identity flT^ is according to flT7|) . flTK]) and ([S])i results in 

a = +(-) N’^-x(-) N'^-Xpn(-) + 

V /;fc \n/,k \n/,k \n/ 

1 


+ X,kq'' + Xum;k[^u’^q^ + n^"^) = 
= (s’^-Xq^) +^(-)*-^a(- 

V / ;fc c^\n/ \n 

+ X,kq^ + Xum;k[^u^q^ + 7^^^). 


- Xpn(^^ + 


(19) 


4 Entropy Production and gr-Gibbs Equation 

As already mentioned, the identity 0191) has to be transfered into the expression 
for the entropy production by specifying the entropy flux and the entropy 
density s. Obviously, flT^ contains terms of different kinds: a divergence, 
time derivatives and two other terms. This fact gives rise to the following 
dehnitions of the entropy flux and the gr-Gibbs equation which generate the 
entropy production 


:= Ag* 


A 


I \nJ 1 \n 


p(iy 

1 




( 20 ) 

( 21 ) 

( 22 ) 


The second term of fl22D is 

Au„.;fc(^A™ + vr"™) = Xum;k[^u’^q^ + ^q^u^ + 7r>^^') 
= \XUrrk).,k-X,kUm][^U>^q^ + ^q’^U^ + 7^’^^) = 

= iXu^m);k) - A,fcg". 

Consequently, the entropy production fl22]) takes another shape 

1 . ™ 1 


a 


= (A«(„)*) + IT*””). 


(23) 


(24) 
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For the squel, wee need another expression containing the (3+l)-coniponents 
of 0^"^ which do not appear in (12^ 

= {\,Um + Xum;k)[^eu^u^-ph^^^ = 

= X,k(^^eu’'^ - Xu^-kph^"" = ^X'-Xpu^-k- (25) 

Summing up fl2^ and fl25|) results in another expression of the entropy pro¬ 
duction 

a = {Xu^m);k)e’'^ - ^X' + Xpu'^,k. (26) 

We obtain a fourth form of the entropy production, if we decompose as usual 
[S] the velocity gradient into its kinematical invariants: symmetric traceless 
shear anm, expansion 0, anti-symmetric rotation Unm and acceleration u^. 


ui-k = CTik + uik + Qhik + \ui Uk, (27) 

O'lk = O’fcU (^Ik = —(^kh u’'(^lk = CTlkU^ = U^'Ulk = UJlku’^ = 0, (28) 

at = ut = 0, 0 := ui (29) 

Consequently, the second term of fl22]) becomes with ([2 ]) 2 and (1271) 

Xui-k ) ( 30 ) 

and the entropy production fl22|l results in 

O' = X^uq'" + X(^^ui (31) 


The question now arises, if the Pfaffian fl2T]) is an integrable one ? To answer 
this question, we have to look for the entropy density belonging to the gr-Gibbs 
equation fl2TD . We start out with an ansatz for s and prove that it satishes the 
gr-Gibbs equation (l2TD . if a Gibbs-Duhem equation of the intensitiv variables 
is valid. Starting out with 


s 


e 2 P 

-he — 

rjn rj^ "> 


(32) 


and generating its differential 


s = - e +(e + c p)^-j + y p, 


(33) 


we demand as in thermostatics that the Gibbs-Duhem equation 


c^p) 


T 


+ yP= 0 


(34) 
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is valid for the intensitive variables. We obtain from fl33|) and flM|) 


i = li = 

n T n T\n) T \nJ 



This results in the gr-Gibbs equation fET]) by use of 






( 35 ) 


(36) 


that means, the entropy density fl32|l and the gr-Gibbs equation fl2l|l are com¬ 
patible with each other, if the Gibbs-Duhem equation fl3T|) is introduced. 


According to the gr-Gibbs equation fl36|l . the state space is spanned by the 
energy per particle and the volume per particle 


ffl 




(37) 


This state space belongs to an one-component system in local equilibrium 
|S]. That is the reason why the identity flT^ generated from ([2]) by seting 
Am = 0 was called the “entropy identity of local equilibrium”. The constitutive 
quantities 

M = (s/n,p,T,g^7^^™,S^S''”*) (38) 

are functions of the state space variables 


M = Ad(ffl), 


which are 


called the constitutive equation^. 


(39) 


Special cases of space-times and materials are considered in the sequel. 


5 Non-dissipative Materials 

A non-dissipative material is characterized by vanishing entropy production 
even in the case of non-equilibriumH for all space-times. Gonsequently by def¬ 
inition, all processes in non-dissipative materials are reversible, and therefore 
these materials are those of thermostatics. 

According to fl2^ and fl2Tjl . the following material parameters are identical to 
zero for non-dissipative materials 

lL, = 0. = 0. (40) 

According to ([1]) and ([2]), the energy-momentum tensor is that of a perfect 
fluid 

eJL = (41) 

'*How to use the constitutive equations in connection with the gravitational field equations see [7] . 
^Vanishing entropy production is necessary, but not sufficient for equilibrium. 
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Consequently, we rediscover [2] the following 

■ Proposition: Non-dissipative materials are characterized by vanishing en¬ 
tropy production for arbitrary space-times, resulting in the material condi¬ 
tions (HOj) : non-dissipative materials are perfect fluids. ■ 

The vanishing entropy production does not generate equilibria for non-dissi¬ 
pative materials according to fl25|l which represents an “equation of motion” 
of reversible processes. An other fact results from fl25l) : vanishing entropy 
production is necessary for euilibrium but not sufficient for it, that means, we 
need beyond the vanishing entropy production additional equilibrium condi¬ 
tions which are considered in the next section. 


6 Equilibrium 

We start out with the question: How are equilibrium and non-dissipative ma¬ 
terials related to each other ? Concerning non-dissipative materials, we are 
looking for material properties generating vanishing entropy production for 
arbitrary space-times independently of possible equilibria. Concerning equi¬ 
libria, we are asking for those conditions which have to be satished by the 
space-time and by the actual material properties in equilibrium. Hereby, equi¬ 
librium is dehned by equilibrium conditions which are divided into necessary 
and supplementary ones [5] which are idependent of each other The necessary 
ones are given by vanishing entropy production and vanishing entropy flux 
density 

(42) 

Independently, the supplementary equilibrium conditions are given by vanish¬ 
ing material time derivatives, except for that of the 4-velocity 

(43) 


ffl;, = 0. ffl ^ 


a 


eq J_ 


= 0 , 


'eq 


= 0 . 


From (jIHJs and fl43D follows that the divergence of the 4-velocity vanishes in 
equilibrium for all materials 

= 0. (44) 

The necessary equilibrium condition fl42|l o which stems from the entropy flux 
density becomes according to ( 120 ]) 

< = 0. (45) 

The equilibrium condition Mb]) must not taken for (HUjl i which represent an 
invariable material propertjo, whereas fITHD is only an actual one,vahd in equi¬ 
librium for all materials. In non-equilibrium we have 7 ^ 0 which is not 
true for non-dissipative materials.. The equilibrium conditions fl42p to fl45p 


®the heat conduction coefficients are zero 





are valid for all equilibria and all materials. 


We now investigate equilibrium in more detail. From fl2^ follows with fH2|l i 
and fH5|l 


= 0 ^ 

= 0 V = 0 , (46) 

including OTI]) 


eq kl n V 

^Ik^eq — 0 ^ 

^2 = 0 V < = 0 , (47) 

and (1241) results in 


= 0 V = 0 . (48) 

According to (142|)i . (1431) and (1441). w( 
libriun condition from (126|) for arbitr 

0 = = 

3 obtain a sufficient and necessary equi- 
ary materials 


Because the energy-momentum tensor 0*^™ does not contain the temperature, 
we obtain the Killing condition for the 4-temperature \um as a general equi¬ 
librium condition 

(50) 


An interesting result is: Material properties subjected to equilibrium condi¬ 
tions cannot generate equilibria. Additionally, the Killing property (150]) is 
necessary characterizing the space-times which allows equilibria. 


0 = 


\Ur 


■,k 


+ Xui 


eq 


Finally, a remark on an expression which can be found in literature lai may 
be useful: Subtracting fl25|l from fl26|l results in 


cr 


( A'U(j7i) ;fc) 




m 



(51) 


Here, cr = 0 is not sufficient for equilibrium, because A* and u^-k can be dif¬ 
ferent from zero in fl2^ and (1261) . If equilibrium is presupposeclll, the material 
behaves as a perfect fluid independently of the space-time, or if not, the space- 
time has to obey flSUpR . This is in accordance with the statement: cr = 0 is 
necessary, but not sufficient for equilibrium. 


7 Discussion 

Usually, relativistic thermodynamics starts out with a symmetric and diver¬ 
gence-free energy-momentum tensor and an ansatz for the entropy 4-vector [8] 

^that means, A and u^-^k are zero in (USD and ([^ 

®or the 4-temperature has to be a conform-Killing vector [3] 
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whose divergence allows to find out the entropy production. The shortcoming 
of such a procedure is that the initial ansatz contains no hint at determining 
also the entropy flux fitting to that chosen entropy production. That is here 
the reason for starting out with an always valid entropy identity BE] which 
allows to be split into three parts -entropy flux and production and Gibbs 
equation- which fit together. Here, a restricted entropy identity is taken up, 
because only systems in local equilibrium are investigated. Different forms of 
the entropy production are obtained, emphazising energy transport and vis¬ 
cosity or shear, or showing off the temperature 4-vector. Gibbs equation for 
entropy per particle number can be defined unambiguously. The integrability 
of this Gibbs equation is confirmed by a Gibbs-Duhem equality. 

Non-dissipative materials are defined by vanishing entropy production inde¬ 
pendently of the actual space-time: perfect fluids are rediscovered as the only 
non-dissipative material [2]. Although the entropy production is identical to 
zero for all perfect fluids, there exist non-equilibria for them: the reversible 
processes. This results in the fact that vanishing entropy production is only 
necessary, but not sufficient for equilibrium. 

Gonsequently, supplementary equilibrium conditions beyond the vanishing en¬ 
tropy production are required for equilibrium: that are vanishing entropy flux 
and vanishing time-space derivatives of the thermodynamic quantities. This 
results in the well known fact that the 4-temperature is a Killing vector in 
equilibrium for all materials. 

Although not all results of this paper are really new, the method of deriving 
them is strict and does not depend on an ansatz of the entropy 4-vector. Be¬ 
yond that, the used procedure can be easily extended to spin systems out of 
local equilibrium and to systems in General Relativity taking Einstein’s field 
equations into account. 
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